The properties of grain boundaries (GBs) between ordered 2-d domains of a hard-sphere monolayer have been investigated using grand canonical Monte Carlo simulations. The capillary fluctuation method was used to determine the GB stiffness over a range of pressures, misorientations and inclinations. Stiffness was found to be sensitive to misorientation (mismatch in the orientation angle of neighboring grains), but not to depend on inclination (angle between the boundary and the grain orientation). Excess area per GB length was observed to follow the same trend as stiffness with respect to grain misorientation and GB inclination angles. Dynamical studies of the evolution of bicrystalline or multicrystalline monolayers with simple geometries show that the calculated angle-dependent stiffnesses correlate well with the rate at which the evolving grain structure decreases the lengths of various GB, in agreement with recent experimental results on monolayers of colloidal microspheres.
2 characterized by two angles: (i) "misorientation", which is the difference in orientation between the two neighboring crystal grains, and (ii) "inclination", which is the orientation of the GB line.
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(The inclination is defined as the smaller orientation difference between the GB and the two grain domains it divides.) Various methods have been developed to study the GB stiffness and mobility in experiments 10, [12] [13] [14] and simulations [15] [16] [17] [18] .
Colloidal polycrystalline monolayers have been shown to be useful model systems to study GB and grain growth 19 . Various experiments take advantage of the large size (~μm ) and slow dynamics (~s), which make it possible to follow the behavior directly by optical microscopy 20, 21 .
Hexagonal polycrystalline monolayers can be prepared by confining spherical colloidal particles through gravity onto a liquid 22 or solid surface 14 or confined to a gap between surfaces 23 . Under appropriate conditions, the interactions between particles will be dominated by short-ranged repulsions so that the colloids can be modeled as hard spheres. 24 In the limit where fluctuations normal to the plane can be neglected, monodisperse hard spheres become isomorphic to the twodimensional system of hard disks (HD).
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In the present study we will assume that this fully 2-d limit is reached, as is appropriate for sufficiently large and heavy colloidal particles. 24 While we will continue to refer to "spheres" to emphasize the relevance to experimental colloidal systems, we will take also advantage of the extensive simulation literature on HD phase behavior. It has been shown 26, 27 that the HD phase diagram features a first-order phase coexistence between a fluid phase at area fraction = 0.700
and hexatic phase at = 0.716. The hexatic phase is stable over a narrow range of area fractions, and undergoes a continuous transition to a 2-d solid phase upon further compression to 0.720. 27 The grains modeled here fall in the range of area fractions from = 0.727 to 0.782 and so can be considered 2-d solids.
Although stiffness of GB in colloidal monolayers has been addressed through several experiments, 10, 14, 23 no systematic study has been done to show the dependence of stiffness on misorientation, inclination and pressure. By engineering the grain domains in our simulations, we are able to study the GB systematically with controllable parameters. In this study, stiffness dependence on these variables will be reported for monolayers of uniform hard sphere, and compared with experimental observations 10, 14 . Simulations are performed in the grand canonical ensemble, implemented here using the solvent-repacking Monte Carlo (SRMC) 28 algorithm to aid in particle exchange in the dense system. Setting a common chemical potential facilitates comparison across systems under varying geometries at the same pressure. Local particle insertion and removal moves, distributed across many processors in parallel through domain decomposition, allow the local density at the boundary and within the grains to reach equilibrium and undergo fluctuations independently, rather than relying on uniform expansion and compression of the whole system to achieve constant pressure. Fluctuations of the GB shape are interpreted via the capillary fluctuation method (CFM) 29 to yield the stiffness.
This article will first report calculations of the stiffness of boundaries between adjacent domains of hard spheres in the 2-d solid phase, with attention to effects of pressure, grain misorientation, and GB inclination. In the second section, the pre-melting behaviors of GB at pressures approaching the melting transition, and a non-equilibrium faceting behavior observed at high pressures, will be discussed qualitatively. Finally, dynamic Monte Carlo studies of simple 2-and 4-grain systems are used to show how the evolution of grain sizes and shapes are influenced by grain misorientation in manner that is qualitatively consistent with the trends in GB stiffness.
Methods:

A. System Construction and initialization
In the study of stiffness, ordered grains of spheres are set up in a pair of parallel stripes making two parallel GBs align with the direction. Initial ordered structures were taken from equilibrated 2-d ordered phases generated in previous studies 28 . For simulations at the highest chemical potential / pressure conditions, the starting structure was a perfect hexagonal lattice with density close to the expected equilibrium density. The use of parallel stripe grains with boundaries that are continuous via periodic boundaries provide a well-defined misorientation between the grains, a fixed mean inclination between the boundary and the grains, and a fixed GB length. The two domains have the same area in the initial configuration, and are separated by a distance of in the direction to remove particle overlaps. This gap between the grains is filled quickly by the SRMC algorithm.
In the dynamic study, the two (or four) domains with different orientations are engineered to the desired domain shapes. A distance of between domains is applied for the same reason to prevent overlapping. The output configuration after 1000 MC cycles in grand canonical ensemble is used as the initial configuration for the dynamic study in NVT ensemble, in which the gaps are already filled while the areas of domains do not change significantly.
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B. Solvent-Repacking Monte Carlo
To sample over the grand canonical ensemble at some particle fugacity f = exp( ) at high packing density, the solvent-repacking Monte Carlo (SRMC) algorithm was used and is described here briefly. The SRMC method uses configurational bias Monte Carlo 30 (CBMC) strategy to generate a set of positions for a set of particles to replace the particles present in a circular cavity randomly selected within the simulation box. After defining the cavity and selecting its radius (as a random value between 1 and 1.4 in the present case), a number of insertion moves will be performed to randomly and uniformly sample the cavity region in each cycle . The ′ th particle will then be selected with a probability:
where , ′ ′ is the auxiliary potential (the logarithm of the radial distribution function (RDF) for hard spheres with an area fraction 0.69 is used in this work; this and choices for k were consistent with previous work 28 ) for the interaction of the ′ th particle with particles inserted in previous cycle and the solvent shell around the cavity. The insertion cycle will be repeated until some predetermined conditions are met: either particle number in cavity reach a maximum (20 in this work) or none of the trial positions are successful. We thus can get a maximum number of particles that can be inserted in this cavity region (which is independent of the current number.)
The probability for selecting a configuration with number of particles ′ is:
where the weight ′ associating the configurations with different numbers of particles can be calculated as:
where Λ is the de Broglie thermal wavelength (set to 1 in all simulations); is the dimension of the system; and ′ are the true potential energy (always equal to zero) and the auxiliary bias potential energy, respectively. Calculation of weights associated with the current configuration of particles involves the generating of alternative "dummy" trial positions, as is standard in CBMC.
The overall acceptance probability for transition from current state with particles in cavity to the new state with ′ particles can be written as:
C. Order parameter and GB detection
Bond-orientational order parameter 31 6 is used to characterize the local crystalline order of particle :
where ∆ is defined as the angle between the direction with the vector connecting the central particle and one of its nearest neighbor within a cutoff 1.5 . The orientation of the hexagon formed by six neighbors of particle can then be calculated by 6 = arg( 6 ) /6, which is a value varied from 0 to 60 due to the symmetry of hexagon. The orientation of the grain domain can be quantified by averaging all the 6 of particles belonging to the domain. In the rest of this report, 6 refers to the orientation of the domain instead of single particle for simplicity.
To detect the variation in the position of the two GB's along the x dimension, we divide the simulation box into a 100 100 grid. Multiple tests showed this granularity is fine enough, and that the use of smaller grid squares does not affect the stiffness calculated. The average of the 6 for particles in each grid and the four nearest grid squares of the same x coordinate is measured to represent the orientation of each grid square. (Averaging over several grid squares in the y direction serves to smooth over noise associated with local pockets of disorder, whether at the boundary or elsewhere, which otherwise lead to false indications of the GB location.) The height h of the grain boundary is taken as the y coordinate of the "edge point" grid square, defined as the grid square with 6 closest to the mean of the 6 values of the two grains. The GB is represented by connecting "edge points" all together (Fig. 1 ).
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D. Capillary Fluctuation Method
The capillary fluctuation method is commonly used to relate the wavelength-dependent fluctuation of the interface to the interfacial free energy or stiffness in a variety of contexts 10, 16, 32, 33 . GBs in each frame during the simulation are represented by the method discussed above, which can be described by a function of the distance along the direction and frame : ℎ( , ). To correct for drift or diffusion of the GB over the course of the simulation we use fluctuations relative to the current mean position of the GB: ℎ( , ) = ℎ( , ) − 〈ℎ( )〉 . For each frame, the following Fourier Transform (F.T.) can be written:
Each frame's spatial fluctuation ℎ( ) is transformed using Eq. 6 into ℎ( ) , which is the intensity of the mode with wave number in Fourier Spectrum, where = 2 ⁄ ( = 0, ±1, ±2, …) and is the length of GB. 〈| ℎ( )| 2 〉 is calculated as an average over all frames, and is related to the stiffness Γ of the GB by CFM 29 : In practice, a linear fitting of Eq. (7) with a fixed slope -2 is performed to fit the F.T. spectrum to find stiffness Γ from the y-intercept (Fig. 2) . We found in general that the power spectrum of fluctuations deviated upward from the low-k trend at high k (i.e. short wavelength). The CFM is derived from continuum theory and so is not expected to fit fluctuations with high k. The apparent crossover to a different high-k regime was dependent on the system, but excluding points with | | In studies of the evolution of 2-and 4-grain systems, an equilibration period of 1000 MC cycles as defined above was used to allow the GB to relax from their initial straight arrangements and to allow the ordered grains to reach a steady density. Reduced units, scaled to the particle diameter and the thermal energy kBT are used throughout.
The pressure P * (in units of / 2 ) was calculated using the radial distribution at contact 34 : * = + 2 2 (1 + ) (8) with = N/A. The radial distribution at contact is obtained by fitting the pair distance histograms to a third-order polynomial out to 1.05 times the contact length. Area fraction is calculated as to π /4, corresponding to the projected area of non-overlapping spheres on a flat surface or the area coverage of discs of unit area. The bulk area fraction is measured using the average number density within the grains' interiors.
Results and discussion:
The first part of this section demonstrates the systematic measurement of stiffness under various conditions including box size, pressure (varied through changing particle chemical potential), misorientation and inclination. Enthalpic and entropic contributions to the stiffness will be discussed. The second part focuses on a phenomenon we noticed from our simulation: GB buckling or faceting during a gradual increase in the system pressure. The apparent origins of this phenomenon and implications for simulation approaches and the behavior of experimental systems under compression will be discussed. The last section presents the results of dynamic studies that test how the stiffness of GB correlate with the dependence of grain growth rates on orientational factors. 
A. Stiffness and line tension
We first studied the stiffness dependence on system size. In principle, system size should not affect the GB. Practically, GB may suffer from the finite size effect in simulations. Simulations at 100 100 were tested but were not pursued because the drift in GB positions would sometimes bring them close enough together for a grain to fuse with its periodic image. We compared results of simulations under three pressures with different system size (200 200 or 300 300 ), keeping misorientation and inclination the same (Fig. 3(a) ). No significant difference is observed. longest-wavelength mode scales with L. 16 Therefore, for efficiency and to allow better convergence, all following simulations are performed with a box size 200 200 (except one case in Section. C which required a larger box size). Although this range of box sizes is not wide enough to rule out the possibility of finite-size effects, the general agreement at these system sizes, the absence of a systematic size-dependent trend in the calculated stiffness, and considerations of efficiency and statistical sampling led us to adopt a box size 200 200 for all further stiffness calculations. The stiffness dependence on pressure is studied with a fixed misorientation and inclination ( Fig. 3(b) and between neighboring grains with large misorientations disappeared faster than low-misorientation boundaries, but that the probability distribution of GB was uniform and unchanging with respect to inclination angle. From this we may conclude that the second derivative of GB free energy with respect to angle of inclination must be small, and that therefore the line tension can be assumed equal to the stiffness to a very good approximation.
Given that the stiffness extracted from simulation can be treated as a line tension (excess free energy per unit length), it is instructive to analyze the components of that free energy. Since the potential energy of the HS system is zero for all allowable configurations and the kinetic energy per particle is only a function of temperature, the excess internal energy of the GB is zero. The excess enthalpy ∆H for this 2-d system in reduced units is therefore P*∆A, with ∆A the excess area (the area difference in area between a uniform system and a system with the same number of particles having a GB). The excess entropy associated with the GB at constant surface pressure is therefore T∆S = P*∆A -∆G, and so the excess entropy per unit length of the GB is ∆S/L = (P*∆A/L -). The red symbols in Fig. 3(b) and 4 show the product of pressure P* with excess surface area ∆A per unit length L of the GB. The difference between the red symbols and Γ reflects the excess interfacial entropy per unit length, which decreases with increasing pressure to about P*=12 and then levels off. The dependences of enthalpy on GB misorientation and inclination at constant fugacity (Fig. 4(c) and 4(d) ) track the corresponding dependences of stiffness on these properties.
As pressure is decreased toward the melting pressure, the excess area per unit length associated with the boundary increases significantly (from about 0.2 to about 0.3 .) This is caused by the interface widening as it turns into a locally liquid region, an example of pre-melting as has been observed at grain boundaries in a variety of polycrystalline systems [35] [36] [37] . In fact, the presence of a wide and fluctuating pre-melted zone made it impossible to evaluate the position of the interface at pressures below 9.5 kBT/ 2 .
Pre-melting to a fluid layer of width w is expected to be spontaneous when the line tension between the two solid grains is greater than the combination of the combined fluid-solid interfacial tensions of the two solid-fluid interfaces formed 35 , plus a bulk contribution (which vanishes at the transition pressure) that is proportional to w. The fluid-solid interfacial tension is not easily to extrapolate our stiffness dependence to the transition pressure ( * =9.18), we find the corresponding stiffness ( = 0.235) to be higher than twice this estimate, consistent with the observed pre-melting at the GB. 
B. GB buckling during dynamical pressure compression
When we investigated the stiffness dependence on pressure, we noticed that equilibration of systems at high pressure P* = 14.56 (corresponding to fugacity of 1.0 10 8 ) when starting from a lower area fraction ( =0.740) configuration tended to produce structures with buckled or faceted
GB. An example is shown in Fig. 5 . Upon extending the trajectory, this buckled structure might evolve but would not relax to a flat boundary within a reasonable time for simulation. The CFM analysis in such cases produced an amplitude spectrum that did not fit the k -2 model well at all, because the assumption of sampling over amplitudes at all wavelengths was not met. The spontaneous adoption of facets could be the result of a strong dependence of interfacial free energy on the angle of inclination, in apparent contradiction to our findings above. In this case, however, the buckling occurred no matter the angle of inclination; setting up the ribbon with inclination at 0° still produced facets.
The buckling occurred during equilibration under GCMC conditions while the total number of particles in the simulation was increasing. To determine whether buckling was a by-product of this non-equilibrium process, we constructed an ideal, defect-free hexagonal domain with an area fraction close to the value at the desired pressure (P * =14.56). In this case, the buckling was not observed, and the CFM method yielded well-behaved results that were consistent in trends from lower pressure (shown in Fig. 3(b) ). Starting with an ideal, defect-free domain at a lower area fraction, and allowing the density to increase via particle exchange at the higher fugacity, produced buckling. It can then be concluded that the GB buckling is related to the non-equilibrium process of increased densification of the grains at constant area through particle addition, which (through a mechanism that is unclear -not observably related to the creation or annihilation of specific dislocations) caused uneven stresses in the system that were relaxed through deformation of the GB. A recent experimental study by Cash et al. 23 showed that formation of a locally melted region near a GB following a laser "blast" produced a deformation of the grain boundary in what may be a related phenomenon. It is conceivable that other experimental cases where particles continue to add to a polycrystalline ordered surface could produce a similar buckling effect on GB.
We have noticed that, compared with GCMC simulations in a square, monocrystalline, periodically repeating system, systems containing GB are much faster at the relaxation of total particle numbers and increasing local packing density in the 2-d ordered state. The apparent reason is that the GB can act as both a source and a sink of dislocations, allowing the lattice constant to shrink at constant box dimension via the addition of rows to the domain stripes. This is perhaps the flip side of an experimental observation by Deutschländer et al. 38 , that polycrystalline 2-d systems quenched rapidly into melting conditions will generate defects preferentially near grain boundaries, which proceed inward to melt the ordered domains. , initiated from a lower-density structure. This snapshot is color-coded by order parameter 6 as shown in Fig. 1 . 
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C. Dynamics of grain coarsening
Although Monte Carlo simulation does not produce a trajectory that is directly related to a dynamic algorithm, the evolution of a MC trajectory that uses local displacement moves (as opposed to the unphysical SRMC moves that can incorporate changes in particle number and collective rearrangements) can give qualitative insight into dynamics. This is particularly true for colloidal systems where Brownian dynamics might be a good approximation. 39 To determine how the MC dynamics of grain coarsening are influenced by grain and GB orientations, we first modeled an isolated hexagonal domain at misorientations of 30°, 15°, and 5°. The system containing a hexagonal domain (with an edge length 50 ) is constructed within a 200 200 box ( Fig. 6(a) ). The six GBs in each system have the same inclination as well, due to the symmetry of the hexagon. After 1000 MC cycles under grand canonical simulation, the shapes of the original hexagon shape cannot be recognized due to the fluctuation of the GB. Fig. 6 shows the snapshots The shrinking rates are much slower compared to the two-domain systems. One reason is that if the square domains maintain their shape as they shrink, the reduction in GB length of the square will be counterbalanced by the increase in the octagon/octagon GB length, so the driving force (if all line tensions are equal) is lower by a factor of (1-2 -1/2 ). Friction associated with the TJ motion may also contribute. The order of overall shrinking rate is MisX5 < MisX10 ≈ MisX15 (Fig. 7) , which can still be explained by the sum of the stiffness of GBx and GBy. After 40000 MC cycles, the central domain (A1) becomes roughly rectangular ( Fig. 7(b) and 7(c)), with the moremisoriented GB shrinking faster, consistent with the increase in stiffness with misorientation angle.
In the case of MisX5, the 5° GBx actually expands as domain C (along with the BC grain boundary)
shrinks, again consistent with the stiffness predictions. The general behavior is in full agreement with the experimental results and explanations given by Lavergne et al. 14 , who found that lowmisorientation GB tended to grow at the expense of high-misorientation GB in polycrystalline systems, and observed isotropic distributions of GB inclination angles at all misorientations. In concert with the CFM results presented earlier, these findings illustrate the influence of the thermodynamic property (line tension) on the dynamics.
Conclusions:
The stiffness of grain boundaries in a two-dimensional hard-sphere system at packing fractions above the freezing transition has been analyzed using the capillary fluctuation method and grand canonical Monte Carlo. Stiffness was found to increase linearly with pressure, to be sensitive to misorientation of the grains (increasing steadily up to ~15° and changing slightly at higher angles) and to be nearly insensitive to the inclination of the GB with respect to the domains. The insensitivity to inclination indicates that in this system, it is a good approximation to equate the observed stiffness with the thermodynamic line tension. The enthalpic contribution to the line tension arising from the excess area decreases at low pressures, reaches a minimum, and increases as the excess area of the GB apparently approaches its minimum. Dynamic simulations of 2-and 4-grain systems arranged in simple geometries demonstrate the relevance of these findings to misorientation effects on grain coarsening rates, and are fully consistent with recently published experiments of 2-d colloidal grain coarsening dynamics. 14 The current results could be useful in providing input parameters for mesoscale modeling of grain growth in these systems, [40] [41] [42] as well a foundation for further studies of impurity segregation at GB in bidisperse hard-sphere monolayers. 
